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PREFACE

This paper is the logical continuation of the research started with
Report ORA-63-5. In the introduction of that report the author expressed
his hope that he would be able to investigate the influence of such phe-
nomena as boundary layers and shock fronts on the Doppler shift. The
deeper the author penetrated into those problems the more it became ob-
vious that first the problem of the influence of the "duration of obser-
vation” on the Doppler shift needs to be clarified. This is the time
required to measure the frequency shift. The present report is an analy-
sis of the influence of the duration of observation on the Doppler shift.
The boundary layer problem and the shock problem are deferred.

Frequent references are made to Report ORA-63-5. The use of equa-
tions from that report is inqicated by an asterisk. For example, (3.7)*

means equation (3.7) of ORA-63-5.
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ABSTRACT

Formulae are developed for the Doppler shift at signals that either
go directly from the emitter E +to the missile M or that reach the
receiver R after they have been reflected from M. E, M, and R may
have any velocity relative to the heterogeneous atmosphere.

The derivation of the formulae accounts for the influence of the time
needed for the frequency measurement on the Doppler shift. As a conse-
quence, the refractive index, the velocities or velocity components that
enter the formulae, are mean values over well defined intervals in space
or time.

The relation between the error in the velocity measurement and the

time measurement is established.
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Doppler Radar
Refractive Index
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FINE STRUCTURE OF THE DOPPLER SHIFT

IN HETEROGENEOUS MEDIA

INTRODUCTION

The method employed in ORA-63-5 consisted in the repeated application
of the principle of the invariance of the phase funct;on wnder the lorentz
trensformation and of the principle of the constancy of the frequency in
distiﬂguished frames of reference. The power, usefulness, and mathemati-
cal elegance of that method need no further demonstration. DNevertheless,
the method proves rather inadequate for the treatment of the following
two aspects of the Doppler shift:

1. The influence of the time needed to measure the frequency shift.

2. The influence of such disturbances as boundary layers or shock

fronts.

To account for those genuinely physical details the method of ORA-63-5
is too formal and too mathematical. What is needed here is a description
of the space-time geometry of the light and missile trajectories during
the time of observation. From there one can calculate the frequency ratio

in terms of proper mean values of the refractive index and the velocities.




TABLE I

DEFINITIONS OF QUANTITIES AND SUBSCRIPTS

# = emitter, M = missile, R = receiver, T = atmosphere
Measured by| Iccation
an observer in T Object that
Symbol - Physical Quantity vho is at |where this| has this
rest rela- | quantity | velocity
tive to holds
- Y
Kie wave T E
- original wave
k‘tm number T M
>
k "vector" T R
tr reflected
3 wave
ktm wave vector T M
Wee ) o E E
original wave
Wy M M
_ angular v
Wpr frequency | reflected R R
- wave
Weg E E .
Tee period of vibration E B
of the original wave
T M M
mm
n, T E
n, refractive index T M
n,. J T R
v T E
e
-
v velocity T M
-
Vy ) T R .




CHAPTER I

DESCRIPTION OF THE PROBLEM

Throughout this report we shall assume that the a.tm.osphere<> T con-
stitutes an inertial body of reference. By this we mean:

l. There are no motions between parts of the atmosphere. With this
assumption we neglect the existence of boundary layers and suppose that
the light trajectories do not pass through the shock front ahead of the
missile or through the exhaust plume behind the missile.

2. The atmospherevis at rest relative to the earth.

3. The earth itself constitutes an inertialAbody of refefence°

Of course; the last assumption is not strictly realistic. The in-
fluence of the non-linear motion of the earth on the frequency shift is
probably always neglectable;, but the influence of the gravitational field
might become perceivable under certain conditions. This problem must be
deferred to later investigations. However, we can safely say that the
gravitational frequency shift destroys itself if emitter and receiver are
on the same gravitational potential. This is, for instance, the case
when the signal is emitted on ground level, reflected from the missile,
and. received on ground level.

The used electromagnetic radiastion is always assumed to be as mono-

chromatic as possible. Since we consider only very narrow sections of

OWe use the symbol T for the atmosphere in order to be consistent with
ORA-63-5 where it means "transparent medium.”



the waves (called beams), the waves may be considered as plane. A mono-
chromatic, plane wave can be described by a wave number "vector"” ¥ and
an angular frequency ®. Like the ordinary (classical) velocity _W;, ®
is not a vector under the Iorentz transformation (LT). And like the re-
fractive Index n, the frequency ® is not a scalar under the IT. All
these quantities depend on the frame of reference. Further, -l'E, n, and
@ depend on the location in the atmosphere. Finally, the velocities must
be specified as to the objects (emitters, missiles, mirrors, receivers)
thé,t have these velocities. Hence, all of the four quantities E, W, n,
and vV need two specifications; one for the frame of reference and one
for the location or the object that has the respective velocity.

However, in this report (as in ORA-63-5) the velocities and the re-
fractive index refer always to the atmosphere T so that the subscript
for the frame of reference becomes dispensable for velocities and refrac-
tive index. We therefore adopt here the same subscript notatiop as in
ORA-63-5. This is outlined in more detail in Table I, page 2. There,
we introduce at the same time some other quantities.

Let now kyos kgps Etm’ Etr’ Ves V. denote the absolute

m> v

r

amounts of the respective "vectors™ as defined in Table I. We then

define the angles ?!"e, v, 7 s ¥ as observed from T at the re-

m’ m T
spective locations, and the "normal components" vVen, Vyns an, ;rn
of the respective velocities as follows:
X, V. =k, v cos ¥ =k v (1.1)
te e te "e e te "en



Kip © Vip @ Ky Vi COS Pw = Ktm Von (1.2)
e - — — _
Kip » Vp = Kgg vy c0s ¥ = ke vy (1.3)
= -> - — -—
Kip © V= Ky V., cOS &r =k V. (1.&)

Figure 1 is a perspective illustration of these definitions. The word
"perspective” may remind the reader that the "vectors" do not all lie in
one plane. |

The points E, M; and R are the instantaneous (not simultaneous!)
positions of emitter, missile, and receiver. The directed curves S and
§ are the light trajectories from E to M and from M to R relative
to T.

We shall always assume that the refractive index - as far as its geo-~
metrical dependency is concerned - depends only on the distance from the
center of the earth C and not on the azimuth angle. An immediate conse-
quence of this assumption is that all light trajectories are plane curves.
A light trajectory going from E to M, for instance, lies in the plane
EMC.

For our later purposes we define now four cases of Doppler shift and

list the formulae as they have been derived in ORA-63_5°

CASE I: Emitter E stationary on the ground C?e = 0) and missile M
moving with Vy. Signal emitted by E and received by M. The
corresponding formula is obtained from the more general formula

(3.7)% if one specializes on Vo, = O and replaces the subscript



e

Figure 1. Perspective illustration of "vectors" and angles
relative to T.



r by mn. This yilelds

W 1 = By By

(1.5)
Wee 1l - Bm? '
with
By = .‘Cc#_n - (1.6
V.
Ban = —%E = By cos ¥y (1.7)

-> .
Case II: Again v, =0 and v, % O, but signal emitted by E, reflected
from M and received by E. This is the case for which formula

(4.8)* has been developed. It is

Ze¢ -~ n Pm (1.8)
Wee 1- B an

Case III: 3é $ O, ;m 4 0, signal emitted by E and received by M.

Slightly altering formula (3.7)* yields

1-Be" 1-ny P

1- Bm? 1 - ng Bepn

(1.9)



with

v
Be = = (1.10)
c .
Ven
Ben = ~<2 = Be cos ¥ (1.11)
- - -
Case IV: This is the most general case, with Vg %0, v, $0, v,.$0,

where the signal is emitted by E, reflected from M and re-

ceived by R. For this case refer to formula (4.6)*%. It is:

_"‘3_63 = 1 - Brz (l - nm -émn) (l - ne Ben) (1.12)

Wry 1-82 (1-npBm) (1 -npBem) :
with

Br = Zéf.' (1015)

Brn = Xiﬁ = By cos T (1.1%)

It is now our aim to rederive these formulae in such a way that we
can account for the influence of the "time of observation." This will at
the same time provide for a more detailed description of such quantities
as Ng, Dy, Ves Vens UTes» W¥p» which, as of now, are "local" or "in-

1

stantaneous values." All these quantities will be described as mean val-

ues over well-defined intervals in space or time.
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CHAPTER I1

THE DURATION OF OBSERVATION

Every frequency measurement needs a minimum of time.® If the frequency
is supposed to be constant in the time, the minimum time required to meas-
ure it is the period of vibration. However, to enhance the accuracy with
which the frequency is to be determined one better observes over a much
longer time interval At and counts the number of vibrations. This time
interval At which, within certain limits can be selected at liberty, is
the "duration of observation.”

It is now our aim to determine the duration of observation which is
necessary tc measure the Doppler shift. It is sufficient if we confine
our consideration in this chapter to the technologically most important
case, which is Case II as described in Chapter I.

The techniques of measurement are always more or less interference
methods. A part of the original wave is branched off before emission and
"stored" in a time delay device. The reflected wave is grossly amplified
and then superimposed on the stored wave. If A, K, ¢, and $ denote
the amplitudes and the phase functions of the original and the reflected

wave, the superposition can be mathematically described by

Ksin$+Asin¢z<K+A>cos<c$;¢>sin<$g¢>
+<K~A>sin<$;¢>cos<$;¢>

%A similar statement does not hold, for instance, for length or mass meas-
urement.
9




If one then filters out the term with the amplitude (A - A) or if
one amplifies such that A-A= 0, the superposition results in one

single modulated wave with the angular modulation frequency
w*=%|5 - w (2.1)

In order to measure ww*¥ one has to observe at least one period of

modulation which is

... . (2.2)
wk |wee = weel - ’

We call 1* the "minimum duration of observation.” In order to re-
duce the error of measurement one may observe during a‘much longer period
of time At. However, if then w* and <* are not constant, one meas-
ures their mean value over the period At. If we denote these mean values

by (w*) and (T*) and if
czl (2.3)

is any real number not smaller than unity, we may write

en g _ ha o (2.4)

(we) <|z%e - Wee|)

At = g (%) =

This result shows that there are two antagonistic interests. The
first one calls for a high accuracy in measuring {w*). To achieve this

one would have to make At and o great. The second interest is to

10



obtain information about * which is as detailed as possible. This, in
turn, calls for meking At and o small. Consequently, one has to seek
a compromise between these two interests; that 1s, one has to select the
number ¢ or the duration of observation At within certain ranges. In
the last chapter of this report we shall return to this interesting subject.
It is now our concern to estimate the order of magnitude of the minimum
time of observation T*. To this end we employ formula (1.8) which has been
derived in ORA-63-5. The fact that we disregarded there the duration of
observation as well as the boundary layer certainly does not affect the mag-

nitude relations. Slightly rearranging equation (1.8) yields
Woe = Yee = Bmn (Wee + Wee) (2.5)

For all technically achievable missile velocities, ;ee and W, are
very close. Further, np is very close to unity. Hence we obtain from

equations (2.1) and (2.5)

W = Wge |Bpn| = Wee Bp |cos Byl (2.6)

However, we need {w¥) rather than w*¥. Therefore, we formally introduce
the mean value (an) of Byn but leave its exact definition to Chapter

IV. Hence, we replace equation (2.6) by
(w*) = Wee l<ﬁmn)l = Wee |<Bm cos 'd"m) I (27)

Substituting this into equation (2.4) yields then

A= o (%) =it O o O Tee (2.8)
Wee |{Bmn)| 1 {Bpn’! :

1L



Here, 1T, 1s the period of vibration of the original signal as observed
by and at E (see also Table I).

Equation (2.8) shows that the duration of observation is far greater
than the period of vibration. To have an intuitive example let us assume
a typical radar frequency of some 10® cps which corresponds to a period

of vibration
=9
Tee = 10 s

If we then assume

Vi & 3000

nlg

and exclude extreme cases with |vp,| << vy, we have also

| vun| = 3000 z
With ¢ = 3.0 X 108 I this yields

|an |: ~ 1075
Tt then follows from equation (2.8}

{1*) ~ 107% 5
which means

At 2 T* 5> Tee

12



CHAPTER III

THE TWO PEAKS OF VIBRATION
LIMITING THE DURATION OF OBSERVATION

As we mentioned in the introduction,; we shall derive the Doppler shift
formulae for various cases in a certain geometrical meanner. This method
is rather laborious, so that we limit its detsiled outline to Case I of
Chapter I. There, E is at rest relative to T. Hence, clocks that rest
in E (E-clocks) and clocks that rest in T (T-clocks) measure the same
times. If we do not specify otherwise the times in this and the next chap-
ter are measured by E-clocks or T-clocks.

We then consider a certain peak of vibration of the monochromatic radi-
ation emitted by E and received by M. We call this peak the "zero-peak."
It may leave E at the time tg, and arrive at M at the time tp,. Its

travel time is then

At =1t =t (3.1)

We then assume that the number o in equation (2.8) is selected such

that the number

Paé&ﬁ____a_,_ (3.2)
Tee | {Byy?| :

is an integer. This assumption serves only to make the derivations of
this and the next chapter as transparent as possible and is in no way

necessary nor even essential. In particular, this assumption has no

15



impect on the technigque of measurement even though ¢ 1is generally no

longer an integer if P is an integer since Tz—l—;T is generally not
Bam :

an infegern When performing actual measurements one is not bound by the
assumptions someone made in his theoretical derivations.

In all practical cases, P is a very great number. Under our spe-
cial assumption it is now a very great integer. Hence, At is a very

great multiple of 1T... A consequence of this is that at the time
Tep = teo + AL (3.3)

another peak of vibration leaves E. We call it the "P-peak.” The P-peak
is not consecutive to the zero-peak but separated from it by a very great
number (P-1) of peaks. Let the P-peak arrive at M at the time th‘

Its travel time is then
Abp = tpp = tgp (5.4)

The period of vibration as observed by and at E is simply

Tee = -%E = .-._.._______p €0 (3.5)

However, the period of vibration as observed by and at M is not
presented by the analogous expression,; because it is measured by M-clocks
while +t,, and *t,p are measured by E-clocks. ILet dr, denote the

element of the eigen time® for bodies that are at rest relative to M.

OHere only one subscript makes sense. It is the one that indicates the
frame of reference.

14



If then dt denotes the time elements of the E-clocks it holds according

to the special theory of relativity

dty = dt /1 - BE(t)

We wrote Bp(t) in order to indicate that it may vary with the time.

The period of vibration Tt,, as observed by and at M becomes then

o

= 1 -

»-;f A/ 1-82(t) at (3.6)
tmo

By using the mean value theorem we may write

Tom = <'\/—l‘+f3:2;‘) op ~ mo ; o G.7)

with

Up
¢ l"Bﬁ)=??"%:“-7f N\/1-83 (5-8).
mP mo tmo

T and T, are both eigen times in Minkowski's sense. Therefore, their

ee

ratio is the inverse of the frequency ratio. Hence, we have
T 3
={~/1- 82 ) mE o (3.9)
Tee m " %ep - teo teo

15



If we now combine equations (3.1), (3.4), (3.5), (3.7), and (3.9) we ob-

tain

wmm‘ - 1 { 1 - Atp - Ato } (5 ,10)

This is the basic equation we shall use in the next chapter to calculate

the ratio / Wy as & function of the missile velocity.
e

16



CHAPTER IV

DOPPIER SHIFT FOR STATIONARY EMITTER

Equation (3.10) at the end of the last chapter sets the task for this
chapter: to express the difference Atp = At, of the two travel times in
terms of the missile veloeity. This is a geometrical task which is greatly
facilitated by using T as frame of reference. We hope that this will be-
come clear in the course of this chapter; however, we would like to point
out now that employing T as body of reference is not & necessity, but
rather a convenience. On the other hand, a convenience can amount to a
necessity when the difficulties that arise from disregarding it become un-
surmountable. This best describes the present situation.

In the preceding chapter we introduced the zero-peak and the P-pesk.

In this chapter we have to consider their trajectories. Now, the tra-
Jjectory of one single peak of vibration might be a questionable concept
since electrodynamics as well as classical mechanics or thermodynamics are
macroscopical theories and as such statistical in nature. Hence, the con-
cept "trajectory" might be legitimate only if it refers to a sufficiently
great number of waves. However, this does not constitute a serious prob-
lem In the present case since the number P of vibrations during the time
of observation is very great as compared with unity. (In Chapter VI we
shall show that it is of the orders 10?, 103, or 10%.) Consequently, it

is always possible to select two further numbers P; and Pz such that

1<K Py <P
(h.1)
1< Py <K P

17



Missile
tr&Jecfony

5

»
E

Figure 2. Missile trajectory, light trajectories, and phase surfaces
with respect to T as body of reference. (Perspective
picture)
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Ins£ead of considering the zero-peak and P~-peak one may then consider
the first P; and the last P, waves. For these two wave-groups the con-
cept of a trajectory certainly makes sense. On the other hand, the number
P = (py + P2)} of waves or peaks that separate the two wave-groups is
still approximately equal to P. Yet this is the only essential we shall
use as far as the zero-peak and the P-peak are concerned. Figure 2 is a
grossly distorted, perspective picture of the missile trajectory, the tra-
Jectories S, and Sp of the zero-peak and the P-peak, and of two auxil-
iary light trajectories S; and S;. The function of these two trajectories
will be seen later in this chapter.

Of course, the light trajectories and the missile trajectory do not
generally lie in one plane. Generally, the missile trajectory does not
lie in a plane at all.

The points Mo, M;, My, Mp denote the positions of the missile at
the times tpoy; Tmiy ‘tmzs twp (all measured by E-clocks or T-clocks).
The curves ¢, ¢, 9o symbolize surfaces of constant phase with respect
to E as origin of radiation. The intersections of the surfaces ¢5, ¢,
¢, with the curve S8p are the points Agp, A;p, App. The intersection
of ¢, with S, is the point A;,.

In Figure 2 8ll geometrical quantities like trajectories, surfaces,
points, and angles refer to T. This results in two advantages which we
shall now discuss by assuming temporarily that T as frame of reference
is replaced by £¥ relative to which T is in motion. We indicate this

by adding an asterisk to those geometrical quantities we deal with.

19



The heterogeneity of T has then the consequence that the refractive
index n* 1is an explicit function of the time. If we then consider the
two light trajectories from E* to My* along Sy* and from E* +to

Ajp* along Sp* we can make the following statement:

Identical waves or peaks need equal times for both

trajectories because Mb* and AOP* lie on one sur-

face of constant phase, but different waves or peaks

need different times even for Hne and the same tra-

Jjectory because the refractive index has changed in

the meantime.
Oniy if T itself serves as frame of reference need different peaks or
waves teke the same time for the same trajectory. If we now return to
T as frame of reference, Aty 1is the time the zero-peak need from E
to M, as well as from E to A,p. On the other hand, the P-peak needs,
from E to Agp, the same time as the zero-peak. If we denote the time

of the P-peak from E to Ayp by At,p, we have

Oty = Dty (4.2)

This is the first advantage of employing T as frame of reference.

The second advantage is that n does not depend on the direction,
while n* does because of the drag effect. Hence, T is isotropical
only with respect to itself but not with respect to I¥. However, in
such frames of reference the light trajectories and the surfaces of con-

stant phase are not orthogonal. Hence, the orthogonality of the light

20



trajectories and the phase surfaces in Figure 2 is the second advantage
of T as frame of reference.

These two advantages will greatly facilitate the following deriva-
tions. Moreover, it is necessary for the understanding of the entire
complex of problems that one is conscious of these facts.

We have now to calculate the difference Amp ~ Oty of the travel
times occurring in the basic equation (3.10). The travel times can be
expressed by line integrals along the respective light trajectories. If
dS,, d8,, dS;;, and dSp denote the line element on S5, S;, Sp,

and Sp we may write

MO
Dt =% [ n, a5, (&.3)
Mo
fp = = f np dSp (4.%)
i .
M,
E .
M2
Ata = % f na d.SE ()4’56)
B .

21



Ny, Np, N3, np denote the refractive index as function of position

along Sg, Sp, 5y, Sp-

By construction we have further

1 Mb 1 AOP
L[ mase=t [ mpasy (4.7)
E E :
Mo Azp
L f np asg = 1 f np dsp (4.8)
Ay p Ap
If we now build the difference
Amp - Aty

and observe equations (4.3), (4.4), (4.7) and Figure 2 we find
N Yo
Btp = At =2 f np dSp (.9)
Aop

Thus we have to express this line integral in terms of the missile veloc~-
ity. To facilitate this we introduced the auxiliary light trajectories
8y and S;. We assume that the time difference

(+.10)
is sufficiently small so that the triangle M;A; M, can be considered as

22



composed of straight lines. Since the angle at A, is 90 degrees by

construction we have then

AyoMp = MM, cos ¥ (k.11)

vhere ¥, is the angle between the two "vectors" Etm and V. at the

m
position under consideration and as introduced in Chapter I.
On the other hand, the distance MM, 1is the distance the missile

has traveled in the time 4t = t; - t,. Consequently, we have
MM, = vp(t) dt
If we substitute this into equation (4.11) we obtain
By oMy = vp(t) cos #,(t) dt (&.12)

That (tp - t;) is infinitesimal makes the integral signs in equation
(4.8) dispensable. Moreover, the line element dS, can be replaced by
the distance KI;EZO If we then write n, instead of n, expressing
that this is the value of n in the immediate neighborhood of M, egqua-

tion (4.8) becomes
np(t) vyp(t) cos ¥ (t) = np dSp

Integrating the left-hand side of this equation from t,, to tpp corre-

sponds to integrating the right-hand side from Aop to Mp. This yields

% ftmp np(t) vm(t) cos ¥m(t) at =% fMP np dSp
to Aop

2>



If we then substitute this into equation (%.9) we obtain

tp

Btp - Bt = = f ng(t) vp(t) cos #,(t) dat

tmo

This is to be substituted into the basic equation (3.10) of the preceding

chapter. The result is

.:@ = 1 {1 - —t ftmp np(t) Bm(t) cos ¥m(t) dt}

ee  (~/1-82) (tmp = tmo) -

€

(+.13)

It now suggests itself to apply again the mean value theorem and to write

tmp
(np By cos ¥) = — 2 f np(t) vy(t) cos # () at  (h.1k)
(tmp © tmo) .
which leads to
Yy _ 1 - {0y By cos ¥y) (4.15)
Yee { 1-p20) :

This result replaces the former result (1.,5)° It has the same alge-

braic structure but the advantage that the occurring combinations of the
t

refractive index and the missile velocity are now mean values over well-

defined time or space intervals.

2k



We defer all further discussions of this result to Chapter VI and
proceed immediately to Case II of Chapter I where the signal is reflected
from M and then received by E. This complication does not change the
geometry, so that we need not go into any details but can confine ourselves

to listing the final result:

Yee _ 1+ (ny By cos %) (4.16)
Bpe 1 - (nm B, cos ¢h)

This equation replaces the former result (1.8).

25



Figure 3. Moving emitter and moving missile.
(Perspective picture)
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CHAPTER V

MOVING EMITTER AND RECEIVER

We turn now to Cases III and IV of Chapter I. We need not go through
the whole analysis but may confine ourselves to those special features
that require some additional thoughts. This concerns primarily the geom-
etry which is pictured in Figure 3 for Case III.

The body of reference is T. The times toy, ‘teps tyos Typs Thos

Eﬁp’ tro’ trp are measured by T-clocks. These are the times when the
zero-peak, the P-peak, the reflected zero-peak, or the reflected P-peak
leave E, arrive at M, leave M, and arrive at R, respectively. To
these events correspond the positions Eg, Ep, My, Mp, Ry, Rp of
emitter, missile, and receiver. (Ro and Rp are not shown in Figure 3.)
In Figure 3, S, and Sp are the light trajectories of the two peaks
from E to M. S dis an auxiliary light trajectory. ¢o is & surface

of constant phase with Ep as origin. ¢p is a surface of constant phase

with M, as imagined origin of radiation. It then holds by definition

Aop M,

f np d.Sp"'

Ep

|
C“ﬁ

B

&
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From these two equations follows

L/‘ np dSp = \/ﬁ n, ds, (5.1)

The travel times for the two peaks are

N ¥ M E,
A‘to"’:f nodso'“’%f nodso"%f ng 459 (5-2)
E Bpo Bpo
Mo Aop Mo
A’t‘,p = % f nP dSp = %- f np d.Sp + % f np d.Sp (5'3)

It then follows from equations (5.1), (5.2), (5.3)

Mo Eo
Atp = Dty =% f np dSp +% f n, dS, (5.4)
Aop Boo

This equation is the analog to equation (4.9). From now on the derivation
is very similar to that in Chapters III and IV. The final result for Case

IIT is

Y (~/1-82) CL- (ngﬁm cos ¥,) (5.5)
e (\/1-83) 1 - (ngBg cos ¥) :
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The result for Case IV is

W,

ee _ {(/1-82) Q- {n, By cos )} (1 - (ng B, cos ¥,))

Vee . Yl 5.6
wrr < V 1l - Bi ) {l - <nm Bm cos *m)} [l - (nr Br cos *r)]

These equations replace the former results (1.9) and (1.12). The mean
values containing subseript m have slready been defined in Chapters III

and IV. Those containing subscripts e and r are defined as follows:

teP
(/1-p2)=—o =2 f V1 -82(t) at (5.7)
(tep = teo) teo
T

rf

.<w/1-a§>=(—_—-l—-——f V- & (5.8)

p
(g By cos #y) = — L f ip(t) Ba(t) cos ¥(t)at (5.9)

(tmp-tmo) .
mo

A ]
(ny By cos ¥p) = ——=t o L n,(t) By(t) cos ¥,(t)at (5.10)'
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trp
(ny By cos ¥,) = — 1

— n.(t) p(t) cos F.(t)at  (5.11)
(tpp = tpo) Y= '

*ro
Of course, it holds:
zmo = tm.o
Typ = T

The bars are retained for formalistic fanaticism only. However, they

prove gquite useful in case of E&o and E&P’ for if we now identify E

with R those times become t., and EeP and these are the times when
the reflected zero-peak and P-peak arrive at E. They are to be distin-

guished from t,, and tgp.
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CHAPTER VI

ACCURACY CONSIDERATIONS

So far all formulae are exact (with the possible exception that the
neglect of the boundary layer influence might result in certain inaccu-
racies). Paradoxical as it may sound, one starts to make approximations
as. soon. as one .indulges in accuracy considerations. We shall now esti-
mate the error in the velocity measurement caused by the error in the
measurenment of the time of observation At.

We first mention that the time intervals in the definitions (3.8),
(&.14), (5.7), (5.8), (5.9), (5.10), (5.11) for the respective mean val-

ues are all approximately equal:

At = tep = bgo = tpp - o = ErP - E¥O
Hence, all of those mean values which are basically mean values of
velocity components are extended over approximately the same time in-
terval At. In other words, At is the uncertainty of the time to
which those velocity components refer.

We shall now investigate how the error in the measurement of the
velocity components is related to the error in the measurement of At.
We confine this considerstion to Case II of Chapter I.

The basic assumption is that the error dJdAt (the symbol 4 1in this
chapter is used to denote errors) in the measurement of the duration of
observation At does not depend on At itself. Within certain limits

this is in good agreement with reality.
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Iet At denote the "true value" and At* the "measured value" of the

duration of observation. We have then

At = At* + dAL (6.1)
Of course, we assume
ant A
| as] ~ | at| <1 (6.2)
At At*

We now apply this to equation (2.8) which holds for Case II of Chapter I.

This yields

|<an>| = 21 ¢
Wee (At* + dAL)

or, because of relation (6.2)

! = 2N O . dat
[{Ban) | = Do AT {l At }

for which we may write

|<an)l = miﬂ Z& + ld(an>|

with

2n ¢ |dat|

| 8B | = Wee At At
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If we substitute here equation (2.8) we obtain

UBy) | _ | Mvgg) | _ 86| wee| (Bry)]
{Pun? {vgm? At 2x o

| dat] (6.3)

This equation relates the relative velocity error to the relative error

of the time measurement. If we rearrange it a little we also obtain
|a(vym) | At = |ast] - |{vpg)| (6.%)

In this form the error relation reminds one of Heisenberg's uncertainty

relation which is, for instance,
M At =h _ (6.5)

where AE and At are the uncertsinties of the energy E of an ele-
mentary particle and the time +t +to which E refers.

The similarities between the two equations (6.4) and (6.5) or between
the corresponding physical situations are intriguing even though not un-
limited. On the left-hand sides of both equations stand the products of
two uncertainties. In equation (604) these are the uncertainties of the
missile velocity and of the time to which the velocity refers. On the
right-hand sides of both equations stand quantities which are not unlim-
itedly at our disposal. However, it is here where the analogy eventually
stops. While the natural constant h is not at all at our disposal, the

quantity ldAml is dictated by the technique of measurement.
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The physical explanation for the existence of the two uncertainty
relations is also rather analogous. To measure the energy of a particle

means to measure its frequency according to Einstein's law

For measuring a frequency one needs a certain time of observation. The
greater one selects this time of observation the smaller becomes the
frequency or energy error, but the greater becomes the uncertainty of
the time to which the energy refers. The situation is quite similar for
the measurement of the missile velocity which now plays the role of the
particle energy. Besides, particle energy and missile velocity can both
be translated into frequencies.

This sheds a new light on our results (4.15), (4.16), (5.5), and
(506)f The two facts that |dAt| is dictated by the state of the art
and that we camnot tolerate unlimited errors |d{v_ )| mean that we
cannot measure the missile velocity as a continuous function of time
but only as a step function consisting of a sequence of mean values.
This is an inherent limitation of the whole method of measuring veloc-
ities by means of the Doppler shift.

It is worthwhile to consider a numerical example. We shall vary a
few parameters but keep the following parameters constant throughout'the
whole example:

The missile velocity Vm shall be such that

g} = 107° (6.6)
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The angular radar frequency shall be

Wee = 81 X 10° 572 (6.7)

This determines the minimum time of observation

T* = 1-3: 10°% s (6.8)

In order to have a completely determined situation we have to make
two further assumptions. We do this in two different ways. Once we as-

sume a fixed value for the relative velocity error

vy |

(an)

and vary the time error |dAt|, and once we assume a fixed value for the
duration of observation At and vary again |dAt]|. In the first case,

At, o, and P are functions of the assumptions, in the latter case

al{v.__)
_ , 0, and P are functions of the assumptions. The first case

(vm?

is presented in Teble II, the second in Table III.
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TABLE II

FIXED ASSUMPTION

d(vmn) _ 107
(Vem)
|aat| At 5 0
S s
1078 10° 4 x 10* b x 10°
10”7 10=1 4 x 10° 4 x 108
10-8 1072 4 x 102 4 % 107
TABIE III
FIXED ASSUMPTION
At =107t s
| aat| CIC ; )
s (an)
1078 1075 4w 10t | 4 x 10°
10”7 10~¢ b x 108 4 x 108
108 10"7 L x 10% 4 x 107
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We selected the three values 107%, 1077, and 10 s for |aat] 4n
order to satisfy the three psychological types of engineers - the con-

- servatives, the even-tempered, and the optimists.
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